Abstract-This paper proposes an internal model principle (IMP)-based optimal selective harmonic controller (SHC) for power converters to mitigate power harmonics. According to the harmonics distribution caused by power converters, a universal recursive SHC module is developed to deal with a featured group of power harmonics. The proposed optimal SHC (OSHC) is of hybrid structure: All recursive SHC modules with weighted gains are connected in parallel. It bridges the real "nk ± m order RC" and the complex "parallel structure RC". Compared with other IMP-based control solutions, it offers an optimal tradeoff among the cost, complexity, and performance: high accuracy, fast transient response, easy implementation, cost effective, and also easy to design. The analysis and synthesis of the OSHC system are addressed. The proposed SHC offers power converters a tailor-made optimal control solution for compensating selected harmonic frequencies. Application examples of grid-connected inverters confirm the effectiveness of the proposed control scheme.
I. INTRODUCTION

I
N PRACTICAL electrical power systems, power harmonics caused by power converters interfaced loads and distributed generators usually concentrate on some particular frequencies [1] - [7] , e.g., single-phase H-bridge converters mainly produce 4k ± 1 (k = 1, 2, . . .) order power harmonics; n-pulse (n = 6, 12, . . .) converter-based HVdc transmission systems mainly produce nk ± 1 (k = 1, 2, . . .) order power harmonics. To deal with power harmonics issues, power converters demand optimal control strategies, which can compensate power harmonics with high control accuracy while maintaining fast transient response, guaranteeing robustness, and being feasible for implementation [1] - [4] . K. Zhou is with the Department of Electrical and Computer Engineering, University of Canterbury, Christchurch 4800, New Zealand (e-mail: eklzhou@ieee.org).
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According to the internal model principle (IMP) [5] , [6] , zero-error tracking of any reference input in steady state can be accomplished if a generator of the reference input is included in a stable closed-loop system. IMP-based classical repetitive control (RC) [4] - [21] and resonant control (RSC) [2] , [3] , [22] - [25] provide very simple but effective control solutions to power harmonics compensation. However, without taking the harmonics distribution into consideration, recursive RC can compensate all harmonics but typically yields slow total convergence rate; considering the harmonics distribution, a parallel combination of multiple resonant controllers (MRSCs) at selected harmonic frequencies can render quite fast transient response but would cause heavy parallel computation and design complexity in dealing with a large number of harmonics. Discrete Fourier transformation (DFT)-based RC [2] , [7] is virtually equivalent to MRSC, and it can flexibly and selectively compensate the desired harmonics. Unlike MRSC, its identified feature is that the computational complexity is independent of the number of selected harmonics to be compensated. Nonetheless, DFT-based RC, which is in the form of FIR filter, would involve a large amount of parallel computation that is proportional to the number of samples per fundamental period, and thus, it is especially suitable for high-performance fixed-point DSP implementation. Moreover, based on IMP, odd harmonic RC and 6l ± 1 RC, which are in the recursive form, are introduced in [8] and [9] . The two RC controllers offer an accurate, fast, and feasible selective harmonic compensation solution for power converters to specially compensate odd-order harmonics and 6l ± 1-order harmonics, respectively. However, a universal selective harmonic control (SHC) for optimal power harmonics compensation is still an open issue.
In this paper, an optimal SHC (OSHC) has been proposed to address above issues. The selected harmonic frequencies have been classified into a limited number of clusters. A generic recursive SHC module is developed to exclusively incorporate the internal models for each cluster of harmonics. All the recursive SHC modules are connected in parallel to form a complete OSHC controller, where each SHC module has an individual and independent control gain. The analysis and synthesis of OSHC systems are also addressed. Finally, OSHC is applied to pulsewidth-modulated (PWM) converters for case studies.
II. OSHC
In this section, an OSHC scheme has been developed for power converters to mitigate power harmonics after a comprehensive analysis of mainstream IMP-based harmonic controllers, such as the classical RC (CRC), the MRSC, and the DFT-based RC.
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A. CRC
As shown in Fig. 1 , a CRC can be written as
where k rc is the control gain; 
which indicates that the CRC is equivalent to the parallel combination of a proportional gain, an integrator, and all RSC controllers at harmonic frequencies (i.e., the internal models of dc and all harmonics). According to IMP, infinity gains at harmonic frequencies nω 0 for all RSC components enable CRC to compensate all harmonics. It is known that the error convergence rate of CRC is proportional to its control gain k rc [17] , [18] . Since the equivalent gains for all RSC components are identical (i.e., 2k rc /T 0 ), it is impossible for CRC to optimize its transient response by tuning the control gains independently at selected harmonic frequencies. Most modern controllers are implemented in digital form. For a plug-in digital CRC system shown in Fig. 2 , where Q(z) is a low-pass filter (LPF) and G f (z) is a phase lead compensator, the stability range of control gain k rc is derived as follows [17] :
in which characteristics of G f (z) and the phase-frequency characteris-
= 0 for all ω below Nyquist frequency, the stability range of the control gain k rc will be [8] 
When θ h (e jω ) + θ f (e jω ) = 0, zero phase compensation is achieved; it not only leads to a larger stability range of k rc and thus a faster transient response but also significantly simplifies the design of RC system. However, due to parameter variations and unmodeled uncertainties, an accurate transfer function of H(z) is unavailable. Therefore, it is difficult to obtain zero phase compensation for RC systems, particularly in the highfrequency band. In practice, a simple but effective phase lead compensator G f (z) = z m can be adopted, and it will significantly contribute to the improvement of the system stability, the steady-state accuracy, and the transient response [17] , [18] . Moreover, an LPF Q(z) is introduced to improve the control system stability at the cost of reduced tracking accuracy in the high-frequency band. Q(z) brings a tradeoff between control accuracy and system robustness.
From (1)- (4), it is clear that CRC offers slow transient response because the control gains at all harmonic frequencies are identical and limited. The CRC G rc (z) will take only a few computation steps to update its output online.
B. MRSC
To speed up the transient response while maintaining satisfactory accuracy, a parallel combination of MRSCs at selected harmonic frequencies can be used to replace RC to compensate major harmonics as follows [2] , [3] , [22] , [23] :
where R h (s) is the RSC component at harmonic frequency ω h with the gain k h ; τ n is the phase lead compensation time at ω h . In contrast to the RC of (1), each RSC component in the MRSC of (5) can independently choose its gain k h and phase lead compensation time τ n to optimize its transient response. Large gains at large harmonic frequencies will lead to faster transient response. Moreover, the more RSC components are added, the higher accuracy can be achieved by MRSC. However, each RSC component in (5) is corresponding to only one harmonic frequency. Consequently, the MRSC (see Fig. 3 ) of (5) will yield heavy parallel computation burden and tuning difficulties if many RSC components are embedded.
C. DFT-Based RC
A digital SHC named DFT-based RC, is shown in Fig. 4 [2], [7] , where the DFT filter F DFT (z) can be expressed as
in which i, N , h, N h , and N a represent the ith sample point, the number of samples per fundamental period, the harmonic order, the set of selected harmonic frequencies, and the number of leading steps for phase lead compensation [7] . In addition, the corresponding DFT-based RC can be written as
which is approximately equivalent to the MRSC of (5) [3] , [7] . Therefore, only a change of the coefficients of the FIR filter of (6) is required for the compensation of more or less harmonics without any additional calculation. Obviously, DFTbased RC provides flexible selective harmonic compensation, and its computational complexity is independent of the number of selected harmonics to be compensated. However, DFT-based RC would involve a large amount of parallel computation that is proportional to N for the filter F FDT (z) of (6), and thus, it is suitable for high-performance fixed-point DSP implementation.
D. Proposed SHC
It is clear that better SHC solution should make an optimal tradeoff among the above three IMP-based control solutions: fast transient response, high accuracy and robustness, light computation, and easy implementation.
Since power harmonics produced by power converters usually concentrate on nk ± 1 (k = 0, 1, 2, . . .) order harmonic frequencies. To compensate selected nk ± m (k = 0, 1, 2, . . . and m < n) order harmonics, a universal SHC module, which only includes the internal models of nk ± m order harmonics, can be generated as
where
and T c have been defined previously; n and m are integers with n > m ≥ 0. Since
where k = 0, 1, 2, . . . and m = 0, 1, 2, . . . , n − 1. In (8) and (9), it is clear that complex SHC modules of (9) with equal gains are successfully combined into a real SHC one of (8) . SHC module of (8) is equivalent to a parallel combination of RSC at nk ± m order harmonic frequencies. According to IMP, the SHC module of (8) can achieve zero tracking error exclusively at selected nk ± m order harmonic frequencies without the heavy parallel computation burden. From (8) and (9) , it is known that the equivalent gain at nk ± m order harmonic frequencies is nk m /T 0 . Since the convergence rate of any RSC is proportional to its gain [23] , compared with the CRC of (2), the error convergence rate at nk ± m order harmonic frequencies of the SHC module of (8) can be n/2 times faster if k m = k rc .
In practical applications, modified SHC modules G nm (s) will be employed as
where G f (s) is a phase lead compensator to stabilize the overall system, and LPF Q(s) is employed to make a good tradeoff between the tracking accuracy and the system robustness, as discussed in previous sections. The SHC module of (10) provides a universal recursive IMPbased controller, which is tailored for nk ± m order harmonics compensation; for example, let n = 1 and m = 0, (8) becomes a CRC, and let n = 4 and m = 1, (8) becomes an odd harmonic RC [14] . It is named as "nk ± m order RC" [14] .
In order to compensate more harmonics for better accuracy while keeping fast error convergence rate, an OSHC that includes paralleled SHC modules tailored for the selected harmonics is proposed as
where m and N m represent nk ± m (k = 0, 1, 2, . . . and m ≤ n/2) harmonic order and the set of selected harmonics, respectively. The proposed SHC (see Fig. 5 ) in real form successfully bridges the real "nk ± m order RC" and the complex "parallel structure RC" [12] , [13] . Compared with "parallel structure RC, it at least can reduce the number of SHC modules by half. If equal k m (m = 0, 1, 2, . . . , [n/2]) are applied to all SHC modules, OSHC of (11) is actually equivalent to a CRC of (1) with gain k rc = 0.5k m /n [12] , [13] . Dual-mode structure RC [10] , [11] is a special case of OSHC with n = 4 and m = 0, 1, 2. Fig. 6 shows a typical closed-loop control system with a plug-in SHC controller G SHC (z), where G p (z) is the transfer function of the plant; G c (z) is the feedback controller; G SHC (z) is a corresponding digital form OSHC of (11); r(z) is the reference input; y(z) is the output; e(z) = r(z) − y(z) is the tracking error and the input of G SHC (z); and d(z) is the disturbance. Moreover, the output y(z) of the plug-in SHC system can be expressed as
III. DIGITAL OSHC SYSTEM
where G(z) is the transfer function from
is the transfer function from d(z) to y(z); and H(z) is the transfer function of a conventional feedback control system without a plug-in OSHC controller G SHC (z). In addition,
in which N = f s /f 0 with f 0 = 1/T 0 being the fundamental frequency and f s being the sampling frequency; k m is the control gain; G f (z) is the digital phase compensation filter; and Q(z) is the digital LPF with |Q(e jω )| ≤ 1 is employed to make a good tradeoff between the control accuracy and the system robustness, and it removes minor but unexpected highfrequency disturbances with |Q(e jω )| → 1 at low frequencies and |Q(e jω )| → 0 at high frequencies, e.g.,
. Without loss of generality, H(z) can be described by 
The SHC system with Q(z) = 1 in Fig. 4 is asymptotically stable if the following two conditions hold [13] , [14] :
2) Control gains k m (≥ 0) satisfy the following inequality:
Obviously, the above stability criteria for an OSHC system can be derived from that for the parallel structure RC system [12] , [13] and are compatible to those for other RC systems [4] - [6] , [8] - [11] , [14] - [21] . It should be noted that OSHC offers power converters an optimal IMP-based control solution to power harmonics compensation: high accuracy, fast transient response, cost-effective and easy real-time implementation, and compatible design rules of thumb. Fig. 7 shows a grid-connected three-phase six-pulse inverter for photovoltaic (PV) applications, which is used to feed currents into the grid. The inner current control loop, which comprises a feedback deadbeat (DB) and plug-in SHC controller, is used to evaluate the proposed OSHC scheme. The outer control loop, which is responsible for generating accurate current references for the inner control loop, is also shown in Fig. 7 .
IV. APPLICATION CASE I: THREE-PHASE GRID-CONNECTED INVERTER SYSTEMS
A. Modeling and Control
As shown in Fig. 7 , the capacitor C f for the LCL-filter is used to eliminate high-order harmonic currents of the switching frequencies. Together with grid-side inductor L 2 , they can be referred to as an "ideal" load, or they can be taken as "model mismatch" [26] . Therefore, the dynamics of the three-phase grid-tied PV inverter shown in Fig. 7 can be simplified into an "L"-filter one as follows:
where v sa , v sb , and v sc are the inverter output voltages; i a , i b , and i c are the grid currents; v an , v bn , and v cn are the grid voltages; and L 1 and R 1 are the nominal values of the inverterside inductor. The control objective of the inverter is to achieve a unity power factor in normal operation modes and a low harmonic distortion sinusoidal feeding current. The corresponding sampled-date model of (18) can be expressed as 
TABLE I PARAMETERS OF A THREE-PHASE INVERTER SYSTEM
i j (k + 1) = i jref (k) is obtained, i.e., a DB current controller is used. The DB controller is sensitive to the accuracy of the model for the inverter. In practice, it is hard to get an accurate inverter model due to parameter uncertainties and load disturbances. Hence, as shown in Fig. 6 , the CRC G rc (z) shown in Fig. 2 and the proposed OSHC of (13) are respectively added to ensure accurate current tracking. In both CRC and OSHC, a linear phase lead filter of G f (z) = z p with p being the compensation steps determined by experiments is used to enhance the system performance [17] , [18] .
B. Experimental Setup
As shown in Fig. 8 , a test rig is built up, where a three-phase commercial power converter is connected to the grid through an LCL-filter, and the control system was implemented by using a dSPACE 1103 rapid prototyping kit. The parameters of the test setup are listed in Table I . To achieve approximately zero phase compensation, a filter G f (z) = z p is used to compensate sampling delays, model mismatches, and unmodeled delay for both CRC and OSHC systems, where the lead step p = 3 is determined by experiments.
C. Experimental Results
The DB control is first tested in order to obtain the harmonic distributions. Fig. 9(a) shows the steady-state response of grid phases v an and v bn and the feeding phase current i a , and the corresponding fast Fourier transform-based harmonic spectrum of current i a is shown in Fig. 9(b) . From the harmonic spectrum shown in Fig. 9(b) , it is known that the ratios of all 6k (i.e., 0, 6, 12 . . .) order harmonics, all 6k ± 1 (i.e., 5, 7, 11, . . .) order harmonics, all 6k ± 2 (i.e., 2, 4, 8, . . .) order harmonics, and all 6k ± 3 (i.e., 3, 9, 15 . . .) order harmonics to the total harmonics are nearly 8.8%, 60.6%, 23.7%, and 6.9%, respectively. According to the harmonics distribution and (13), an OSHC controller can be employed as
The corresponding control gains for SHC modules G 60 (z), G 61 (z), G 62 (z), and G 63 (z) are denoted as k 0 , k 1 , k 2 , and k 3 . Since the error convergence rate at any harmonic frequency is proportional to its corresponding control gain, k 0 , k 1 , k 2 , and k 3 are weighted by their ratios in the total harmonics for a better total convergence rate. Thus, they satisfy k 3 < k 0 < k 2 < k 1 . Furthermore, according to the compatible stability criteria (4) and (17), the stability range of control gain k rc for the CRC system is 0 < k rc < 2 and that for the above OSHC system is
is used for the comparison of the total error convergence rate between CRC and OSHC in this case, and the gains are listed in Table I .
To further evaluate the distribution of harmonics magnitudes, the harmonic ratio is denoted as f (j) as follows:
where M i is the magnitude of the ith-order harmonic. The corresponding harmonic ratio f (j) for the harmonic spectrum of i a shown in Fig. 9(b) is given in Fig. 10(a) , and it indicates that more than 85% of the harmonics are located within a frequency range of 0-2.5 kHz. Therefore, the cutoff frequency f cutoff of LPFs Q(z) for CRC and Q 2 (z) for OSHC should satisfy f cutoff ≥ 2.5 kHz for the removal of most of the harmonic distortions. As shown in Fig. 10(b) , the cutoff frequencies of the LPFs, i.e., Q(z) = 0.145z + 0.71 + 0.145z −1 and Q 2 (z) = (0.075z + 0.85 + 0.075z −1 ) 2 , are 2.49 and 2.57 kHz, respectively, and approximately meet the bandwidth requirement. Fig. 11 shows the steady-state response of a plug-in CRC controlled converter with k rc = 2 and the corresponding harmonic spectrum of the feeding current i a with THD = 3.12%. Fig. 12 shows the steady-state response of a plug-in OSHC controlled converter with k 0 = 0.2, k 1 = 1.2, k 2 = 0.4, and k 3 = 0.2 and the corresponding harmonic spectrum of the feeding current i a with THD = 3.74%. Figs. 11 and 12 clearly indicate that both CRC and OSHC can produce sinusoidal currents with very low total harmonic distortions (THDs) in compliance with grid requirements. Fig. 13(a) shows that the setting time for CRC controlled transient tracking current error e i (t) = i aref (t) − i a (t) is about 0.52 s, and Fig. 13(b) shows that the setting time for OSHC controlled current error e(t) = i aref (t) − i a (t) is about 0.19 s. It means that the transient response of the proposed OSHC can be much faster (up to n/2 times) than that of CRC. A benchmark of the PV inverter using three different control schemes is shown in Tables II and III in terms of THD, convergence rate, and harmonic distributions. 
V. APPLICATION CASE II: SINGLE-PHASE GRID-CONNECTED INVERTER SYSTEMS
As shown in Fig. 14 , a typical single-phase 1-kVA inverter with an LCL-filter for PV applications is configured for the test. The proposed OSHC scheme is adopted in the current control loop to guarantee the power quality of the injected grid current within the required range (e.g., THD < 5%). 
A. Modeling and Control
As aforementioned in Section IV, capacitor C f is used to eliminate high-order harmonic currents of switching frequencies, and together with grid-side inductor L 2 , it is referred to as an "ideal" load [26] . Hence, the dynamics of the PV inverter in Fig. 14 can simply be described as
where v g is the grid voltage, i g is the grid current, L 1 , and R 1 are the nominal values of ac-side inductor (LCL-filter, L 1 ) and resistor (LCL-filter, R 1 ), respectively. One control objective of the inverter is to achieve a unity power factor, and thus, a second-order generalized-integratorbased phase-locked-loop system is adopted. The second objective is to maintain a low harmonic distortion sinusoidal feeding current using advanced control schemes.
The sampled-date model of (24) can be written as
, u is the modulation signal with v inv (t) = u(t)v dc (t), and T s is the sampling period. For the plant (25), a DB current controller is adopted as
which makes i g (k + 1) = i gref (k). As shown in Fig. 14 , the CRC G rc (z) and the proposed OSHC of (13) are respectively plugged into the current control loop to ensure high-accuracy current tracking.
B. Experimental Setup
The system parameters for the experimental test rig are listed in Table IV . For both CRC and OSHC, to achieve approximately zero phase compensation, a filter G f (z) = z p is used to provide phase lead compensation, where the lead step p = 3 is determined by experiments. Fig. 15(a) shows the steady-state response of grid voltage v g and the grid current i g with DB control according to (26) . The corresponding harmonic spectrum of the current i g , where the harmonic order i = 0, 2, 3, . . . is shown in Fig. 15(b) . A detailed calculation of the harmonic distributions according to (22) shows that the ratios of all 4k (i.e., 0, 4, 8 . . .) order harmonics and all 4k ± 2 (i.e., 2, 6, 10, . . .) order harmonics to the total harmonics are nearly 14.4% and 14.8%, respectively. Taking account of 70.7% of the total harmonics, the dominant harmonics are of 4k ± 1 (i.e., 3, 5, 7, . . .) order. According to the proposed OSHC of (14) for compensating current harmonic, an OSHC controller can be employed as
C. Experimental Results
where the control gains of the corresponding OSHC modules G 40 (z), G 41 (z), and G 42 (z) are denoted as k 0 , k 1 , and k 2 , and k 0 < k 2 < k 1 , which are proportional to their ratios in the total harmonics. For comparison, k rc = k 0 + k 1 + k 2 is set for CRC and OSHC in this case.
It is calculated from the harmonic distribution shown in Fig. 15(b) that 85% of the harmonics are within the range of 0∼2.5 kHz. Similar to the case of three-phase inverter, Q(z) = 0.145z + 0.71 + 0.145z −1 and Q 2 (z) = (0.075z + 0.85 + 0.075z −1 ) 2 are chosen for CRC and OSHC, respectively. Fig. 16 shows the steady-state response of plug-in CRC controlled single-phase inverter with k rc = 1.8 and the corresponding harmonic spectrum of feeding current i g with THD = 2.28%. Fig. 17 shows the steady-state response of plug-in OSHC controlled converter with k 0 = 0.25, k 1 = 1.3, k 2 = 0.25 and the corresponding harmonic spectrum of feeding current i g with THD = 2.33%. Both Figs. 17 and 18 clearly indicate that CRC and OSHC can produce almost perfect sinusoidal currents with very low current THDs. It is shown in Fig. 18(a) that the setting time for CRC controlled transient current tracking error e i (t) = i gref (t) − i g (t) is about 0.47 s, while for the OSHC controlled inverter, the convergence time is about 0.34 s as it is shown in Fig. 18(b) . It means that transient response of proposed OSHC can be much faster (up to n/2 times) than that of CRC, as it is also shown in the benchmarking results in Tables V and VI in terms of THD, convergence rate, and harmonic distributions. All the experimental tests verified the effectiveness of the proposed current control scheme. 
VI. CONCLUSION
An IMP-based OSHC method has been proposed in this paper to provide a tailor-made optimal control solution to compensate power harmonics produced by power converters. The hybrid structure enables it to take advantages of both CRC and MRSC: high accuracy due to the removal of major harmonics, fast transient response due to parallel combination of optimally weighted SHC modules, cost-effective and easy real-time implementation due to the universal recursive SHC modules, and compatible design rules-of-thumb. The analysis and synthesis of the OSHC system have been addressed in this paper. It also provides a universal framework for housing various RC schemes, and successfully bridges the real "nk ± m order RC" and the complex "parallel structure RC". Two application examples of grid-tied PWM inverters have demonstrated the effectiveness and advantages of the proposed OSHC scheme in suppressing their feeding current harmonics. 
